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The least squares normal approximation to the bialom
distribution

Deko Dekov

Abstract. We offer a new simple numerical method for agpmaton of a discret
probability distribution by a continuous probalyilidistribution. We illustrate tt
method by the least squares normal approximatiaeadbinomial distribution. Tt
method is designed for use in high schools anege4.
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The least squares approximation to a discrete pitityadistribution is the best fit

to the discrete probability distribution. Hencejstof interest the educators to have a
simple numerical method, which allows finding tleadt squares approximation. In this
paper we offer a new simple numerical method fardifig the least squares
approximation to a discrete probability distributid'he method is first described in [1],
and in this paper we show that the method coulddmtied to the problem of finding the
least squares approximation to a discrete prolaldiistribution. We give an example in
order to illustrate the method in the case of #esti squares normal approximations to
the binomial distribution.

The method is as follows. Suppose data consistihgn opoints (x1,yl),
(x2,y2),...,(xn,yn) are known and the goal is to fendunction y = F(x) that fits the data
reasonably well. We will use the least squaresimoih. We suppose that the reader is
familiar with the least squares criterion. Supptss f(x) is the objective function, so
that we have to find the minimum of f(x). We use tata set, in order to localize the
minimum of f(x). Suppose that the minimum of thedtion f(x) is within the segment
[a,b]. We divide the segment [a,b] by N equal pastsising the points x0 = a, x1, x2,...,
XN = b. Then we evaluate f(x0), f(x1), f(x2),.x/N), and select the minimal of these
values. We use the minimal value as the midpoirg néw segment, whose length is 10
times smaller than the previous segment. The psoisesepeated until the minimum is
found. The method works well if ¥ 100, but in many cases it is enough we to set
smaller N.

The extension of the method to the case in whiehathjective function has two
variables is straightforward.
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The described numerical method has the followingaathges. The method is
simple, so that the school and college student&lamderstand and use it. The method
does not use the Gauss approach for finding thémmim of the objective function, so
that the method could be used without preliminandging of partial derivatives. By
using the described numerical method, we can appeig a sample or a discrete
probability distribution by any continuous probadtyil distribution, provided the
corresponding objective function has one or twoaldes. The method is fast, because it
needs small numbers of iterations. In the describethod each iteration adds one true
digit to the answer. We receive the answer for teas 1 second, if we use a desktop
personal computer. We could use the method alsh@ncase in which the objective
function has more than two variables, but in tlisecwe must have a powerful computer.

The method is simple, so that it allows a simplplementation. | have created a
simple computer program by using PHP. The programdcrecord the calculations,
made by the computer. A file containing calculasidor the example given below is
available for download as supplementary material.

Recall that the binomial distribution is given by

Bksn,p) = [;]p*a -p)

where the variable k with 8 k < n and the parameter n (n > 0) are integers and the
parameter p (& p<1) is a real quantity. The expected value of tinernial distribution

is equal tq:=np, and the standard deviation is equad to,/np(1- p) .Then the normal
distribution
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is an approximation to the binomial distributiorhieh we will call the standard normal
approximation to the binomial distribution.

By using the computer program, which implementsaheve described method,
we could obtain the expected value pL and the stahdeviationsL of the least squares
normal approximation N(ukL) to the binomial distribution. The computer pragr
finds pL andoL as the solution to the following problem. Findapdo, which minimize
the function

-r:r=n—1 e_%i nok
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Example. Find the least squares normal approximation to Hweomial
distribution, providedh = 240 and p = 0.85.

Solution. We use the computer program. Set N = 10. As Inititervals for
finding uL andoL we take the intervals [uB-0.5, uB+0.5] arBf0.5, cB+0.5], where
UB = 204 andoB =~ 5.5 are the rounded values of the expected vahge standard
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deviation of the binomial distribution. If we reg@i4 digits after the decimal point, we
receive the following answer: (1.204.1755 andL ~ 5.5316.

Note that we could compare also the sums of th& lguares in the above two
cases. Let B and L are the sums of the least sgjularthe case of regulation and least
squares normal approximations, respectively. Inalh@ve example, B 0.00004290551
and L~ 0.00001725588. We see that the quotient B/2.486, that is, the least squares
normal approximation about 2.5 times better fite thinomial distribution than the
standard normal distribution.

The reader may download a file containing the ré@drcalculations made by the
computer program in the example given in this papére following file is available for
download:

JCGM201210_Binomial_Distribution.pdf
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