Solition

We will use a powerful computational approach, applicable to a large
class of olympiad geometry problems - barycentric coordinates. Denote by
a,b and c the side lengths of AABC, a = BC,b = C'A and ¢ = AB. Recall
some formulas (see e.g. [3]). Given a point U = (u, v, w). The vertices of the
circumcevian triangle of U are the points

U, = ((—ad*vw)/(c*v+ b*w),v,w),
Uy = (u,(=b*wu)/(ac*w + c*u),w),
U. = (u,v,(=Euw)/(V’u+ av)).

The normalized barycentric coordinates of U are (i, wrirw» wrirs ). Given
point P = (p,q,r). The reflection of point U in point P (U and P must be
in normalized barycentric coordinates, see [1], section 3.1) is the point

(1)

R=((p—q—r)ut+2p(vtw),(g—p—r)v+2q(utw), (r—p—qw+2r(u+v)).

The equation of a line L through the points U and P (not necessary in
normalized coordinates, see [3], section B1) is

(2) L: (vr —wq)x + (wp —ur)y + (uqg — vp)z = 0.

Three lines p;x + gy + riz = 0, i = 1,2,3, are concurrent (see [3], section
B1) if and only if
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As in [2], X(n), n € N, denotes a notable point in the plane of AABC.
In this problem U = (a,b,c) is the incenter of AABC, point X(1), and
P = (b+c¢,c+a,a+0) is the Spieker center of AABC, point X(10). Denote
by R,, Ry, and R. the reflections of the vertices of the circumcevian triangle
of U in point P, respectively. By using (1), we obtain

R, = (=a®>+ab+ac—b>—2cb—c? a?>—ab—c+b? a® —ac+ c* — b?),
Ry, = (—a®>+ab+c*—b*a*+2ac—ab+c* —chb+ b a* — 2 +cb—b?),
R. = (—a*+ac—c*+b*a*—c*+cb—b* a*> — ac+ 2ab+ * — cb + b?).

Denote by L,, L, and L. the lines AR,, BR, and CR,., respectively. By using
(2), we obtain the equations of these lines:

Ly: (—a*+ac—c 240y + (a*> —ab—c*+b*)z =0,
Ly: (@®>—=c+cb—b)z+ (a*> —ab—c?+b*)z=0,
L.: (—a*+ & —cb+ b))z + (—a* + ac — ¢ + b*)y = 0.
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By using (3), we obtain that the lines L,, L, and L. concur in a point. The
problem is solved.

After some additional work, we may identify the point of intersection of
these lines, that is, the Prasolov circumcevian product of the points. In this
problem, the Prasolov circumcevian product is the point X(80), that is, the
reflection of the incenter of AABC' in the Feuerbach point of AABC.

Additional problems for the reader: Prove that the Prasolov products
exist for the pairs of points given in the table below. In the table we also give
the Prasolov circumcevian products. If the Prasolov circumcevian product
of two points is a point which is not available in [2], we denote it by X(-).

U P product
1 Incenter, X(1) Nine-Point Center, X(5) X(4)
2 Incenter, X(1) Schiffler Point, X(21) | X(3065)
3 Orthocenter, X(4) Kosnita point, X(54) X(-)
4 | Symmedian point, X(6) Centroid, X(2) X(671)
5 | Third Power Point, X(32) | Brocard midpoint, X(39) | X(1916)
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