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Abstract. The computer program “Discoverer” is the first garter program,
able easily to discover new theorems in mathematosl possibly, the first
computer program, able easily to discover new kedgg in science. In this
paper the authors discuss the use of “Discovererthe area of teaching and
learning geometry with the help of a computer. Téemputer program
“Discoverer” fills a gap in the existing set of edtional tools. It provides the
possibility the students easily to discover newothens in Euclidean geometry.
By using the principles of “Discoverer”, a numbdrsamilar computer programs
could be created for the areas of high school tegchphysics, chemistry,
biology, and so on. These computer programs coelddmsidered as a tool for
activation of the interest of the students. We ¢tilal use of “Discoverer” for
educational purposes “learning through discoverWe may consider the
“learning through discovery” as a new importantedtron within the “learning
through inquiry”.

1 INTRODUCTION

Dynamic geometry systems like GeoGebra or C.adgrapanied by computer
algebra systems such as Maple or Mathematica, higity influenced high school and
university education in the area of Euclidean geoyné&ee e.g (Botana & Valcarce,
2002), (HaSek, 2013). But still there is a missingl — a computer program able to
discover new theorems in Euclidean geometry. Thapcter program “Discoverer”,
created by the authors of this paper, fills the igae existing set of tools. The results of
the “Discoverer” are expressed in natural language.

The computer program “Discoverer” is an artificiatelligence system for
discovery of new knowledge, able easily to produee theorem in Euclidean geometry.
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As far as the authors know, the “Discoverer” is fir computer program, able easily to
discover new theorems in mathematics, and posdihéy first computer program, able
easily to discover new knowledge in science. TheeaisDiscoverer” now begins, so that
we could expect many remarkable results in theréutu

In this paper we discuss the use of “Discovererhigh school and university
education. See also (Grozdev and Dekov, 2013aB}&b). The “Discoverer” provides
the possibility the students easily to discover rtegorems, and by the help of the other
tools, to clarify the theorems. During the lastrgemany researchers and educators work
actively on the inquiry-based teaching and learmmeghods in science and mathematics
in primary and secondary schools. This directiorkm®wn as the “learning through
inquiry”. See e.g. (Fibonacci Project).We call tge of “Discoverer” for educational
purposes “learning through discovery”. We may cdesithe “learning through
discovery” as a new important direction within thearning through inquiry”.

We could use “Discoverer” for many purposes in Elgdn Geometry. E.g., we
could use the “Discoverer” to find new compass-ands solutions of classical
construction problems, like the Malfatti circleoplem. See (Grozdev & Dekov, 2013a).
Note that the prototype of the “Discoverer” hascdigered a new compass-and-ruler
construction for the point “Yff Center of Congrueficand this construction is already
quoted in the Wikipedia. See (Wikipedia, Yff CentéiCongruence).

In this paper we illustrate the use of the “Disaevéin one of the Euclidean
geometry topics. The selected topic is the “Ingadion of the reflections of remarkable
points in remarkable points in the geometry ofrigi@”. The “Discoverer” is written by
using the programming language PHP, so that itywesl HTML-files. Clearly, in many
other topics of the Euclidean geometry we haveswmather abilities of the “Discoverer”.
The “Discoverer” is written by using the programmgniianguage PHP, so that it produces
HTML-files. We enclose to this paper HTML-files,qoluced by the “Discoverer”.

2 MATHEMATICAL INVESTIGATION BY MEANSOF A COMPUTER

We proceed as follows. First, we select from th&aloase of the “Discoverer” a
few remarkable points of the triangle. In this epdanwe select the four classical
remarkable points, namely the centroid, incentiecumcenter and orthocenter. As a next
step, the “Discoverer” produces a list of all peigenerated from the selected points by
using the operation of the “Discoverer” named tReftection of a Point in a Point”. The
produced list is enclosed to this paper. See thsed files, the file “1_List P.php.htm”
from the folder “Reflections 1-4".

Next, we want to select the new points from thiedighe produced points, that is,
the points which are not investigated in the liter@ In order to this, the “Discoverer”
compares the points of the produced list with tbs available in (Kimberling). The
Kimberling’s Encyclopedia of Triangle Centers (Kiaerbng) contains the most complete
list of remarkable points, currently available lre titerature. The encyclopedia describes
more than 5000 remarkable points. Hence, we magatxpat if a remarkable point is
not included in the ETC, most probably this poghot available in the literature.
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The computer program “Discoverer” divides the ligh the file
“1_List_P.php.htm” into two lists: the list “List 'Kof points available in (Kimberling),
and the list “List D” of points which are not awle in (Kimberling). We see that
“List D" contains only one point, namely the poifReflection of the Incenter in the
Orthocenter.” We may conclude that almost alle&ibns of the classical remarkable
points in the classical remarkable points are stilidh the literature. The only exception
is the point named “Reflection of the Incenterhe Orthocenter”.

Next, we want to find theorems about the new ptRaflection of the Incenter in
the Orthocenter”. Since this remarkable point i$ stodied in the literature, we may
expect that the theorems about this point are hearems. Now we use the ability of the
“Discoverer” to discover new theorem about a sekkgboint in the geometry of the
triangle. The computer program “Discoverer” disagvéheorems related to this new
point. The list of the discovered theorems is es@ibto this paper. See the enclosed file
“Theorems.htm”. The list contains nineteen theorems

3 THE USE OF A DYNAMIC GEOMETRY SYSTEM

In this section we illustrate the theorems no 17,48, 10, 11, 16 and 19 in the list
of theorems, given in the file “Theorems.htm”. Weeuhe dynamic geometry system
C.a.R., created by Rene Grothmann of Germany. Tdmepuater program C.a.R. is
available for download. It is free and open source.

Recall that the de Longchamps point of a trianglethe reflection of the
orthocenter of the triangle in the circumcentertbé triangle (See Wikipedia, de
Longchamps point).

Theorem 1. The Reflection of the Incenter in the Orthocem@ncides with the
de Longchamps Point of the Triangle of the Orthteenof the Anticevian Corner
Triangles of the Incenter.

Figure 1 illustrates the theorem. In figllis the incenterH is the orthocenteR
is the reflection of the incenter in the orthoce®aPbPc is the anticevian triangle of the
incenter (that is, the excentral triangle 20ABC ), Ha, Hb andHc are the orthocenters of
triangles PaBC, PbCA and PcAB, respectively. Then poinR coincides with the de
Longchamps point of triangldaHbHc.
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Fig. 1.

Recall that the Spieker center of a triangle isitioenter of the medial triangle of
the triangle (See e.g. Wikipedia, Spieker center).

Theorem 2. The Reflection of the Incenter in the Orthocert@ncides with the
Reflection of the de Longchamps Point in the Spi€kenter.

c

Fig. 2.

Figure 2 illustrates the theorem. In figl2s the incenterd is the orthocenteR
is the reflection of the incenter in the orthoceniteis the de Longchamps poir@,s the
Spieker center. Then poiRtcoincides with the reflection of the de Longcharppst in
the Spieker center.
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Theorem 3. The Reflection of the Incenter in the Orthocem@ncides with the
Harmonic Conjugate of the Centroid of the Excentréngle with respect to the Spieker
Center and the de Longchamps Point.

Figure 3 illustrates the theorem. In figl3ds the incenterH is the orthocenteR
is the reflection of the incenter in the orthoceniteis the de Longchamps poirg,is the
Spieker center?aPbPc is the excentral triangle af ABC, G is the centroid of triangle
PaPbPc. Then pointR coincides with the harmonic conjugate of the cmdtrof the
excentral triangle with respect to the Spieker eeahd the de Longchamps point.

Pc

Fig. 3.

Theorem 4. The Reflection of the Incenter in the Orthocem@ncides with the
Prasolov Product of the Centroid and the Spiekert&ef the Euler Triangle.

Given triangleABC and points? andQ. Denote byMaMbMc the cevian triangle
of P. Denote byPa the reflection of poinMa in pointQ, by Pb the reflection of point
Mb in pointQ, and byPc the reflection of poinMc in pointQ. If the linesPaA, PbB
andPcC concur in a point, we say that the point of conenice is thdrasolov product
of points P and Q. This definition generalizes the definition of thReasolov point. For the
definition of Prasolov point, see e.g. (Weisst@irgsolov point).

Figure 4 illustrates the theorem. In figlds the incenterd is the orthocenteR
is the reflection of the incenter in the orthocenddaMbMc is the medial triangle of
AABC, Sis the Spieker center of the Euler triangleroABC , Pa is the reflection of
pointMa in pointS Pb is the reflection of poin#b in pointS andPc is the reflection of
point Mc in pointS. Then the line®aA, PbB andPcC concur in poiniR. (The lines are
not drawn in the figure).
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Fig. 4.

Theorem 5. The Reflection of the Incenter in the Orthocem@ncides with the
Center of the Taylor Circle of the Hexyl Triangletioe Antimedial Triangle.

Fig. 5.
Recall the definitions of the hexyl triangle aneé thaylor circle.

Given the excentral triangléaJoJc of AABC, defineHa as the point in which
the perpendicular t&B through the excentelb meets the perpendicular &L through
the excentedc, and similarly definedHb andHc. Then AHaHbHcHaHbHCc is known as
the hexyl triangle oABC (See Weisstein, Hexyl Triangle).
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From each of the fedtla, Hb and Hc of the altitudes ofa ABC drop a pair of
perpendiculars on the other two sides of the ti@andghen the feet of these six
perpendiculars lie on a circle known as the Tagiarle. (See Weisstein, Taylor Circle).

Figure 5 illustrates the theorem. In figlSs the incenterd is the orthocenteR
is the reflection of the incenter in the orthoceniaMbMc is the antimedial triangle of
AABC, trianglePaPbPc is the hexyl triangle of trianglMaMbMc, andc is the Taylor
circle of trianglePaPbPc. ThenR is the center of the Taylor cirote

Theorem 6. The Reflection of the Incenter in the Orthoceies on the Circle
having center at the Center of the Fuhrmann Canbpassing through the Bevan Point.

For the definitions of the Bevan point and the Fogann circle we refer the reader
to (Weisstein, Bevan Point),(Weisstein, Fuhrmancl€).

Figure 6 illustrates the theorem. In figl@s the incenterd is the orthocenteR
is the reflection of the incenter in the orthocenfeis the Bevan point anfd is the center
of the of the Fuhrmann circle. Then point R liestl@ circle having center at the center
of the Fuhrmann circle and passing through the Beaint.

c

Fig. 6.

Theorem 7. The Reflection of the Incenter in the Orthocerites on the Line
through the Reflection of the Circumcenter in theh@center and the Reflection of the
Incenter in the Nagel Point.

Figure 7 illustrates the theorem. In figl7s the incenterH is the orthocenteR
is the reflection of the incenter in the orthocente is the circumcenterP is the
reflection of the circumcenter in the orthocentsg is the Nagel point an@ is the
reflection of the incenter in the Nagel point. ThpmntR lies on the lind>Q.
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Fig. 7.

Recall that the Feuerbach line is the line pas#iimgugh the incenter and the
nine-point center.

Theorem 8. The Reflection of the Incenter in the Orthoceiies on the Image
of the Feuerbach Line under the Homothety with €etite Circumcenter and Ratio 3.

Figure 8 illustrates the theorem. In figl8s the incenterd is the orthocenteR
is the reflection of the incenter in the orthocen@ is the circumcentef\ is the nine-
point centerl is the image of the Feuerbach line under the hoetgptivith center the
circumcenter and ratio 3. Then pokdties on lineL.
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4. THE USE OF A COMPUTER ALGEBRA SYSTEM

The proofs of the above theorems, as well as ther theorems from the enclosed
files, would be a nice exercise for students. Téachers and professors could use
theorems, discovered by “Discoverer” in order toegate their lectures.

As we have mentioned, the point “Reflection of theenter in the Orthocenter” is
not available in (Kimberling). If we want to submihis point for publication in
(Kimberling), we have to submit the barycentric iboates of the point. We could use a
computer algebra system like Maple. We denote, liyandc the side lengths of triangle
ABC, a=BC, b=CA and c= AB. The barycentric coordinates of the known
remarkable points are available in (Kimberling). \M®ceed as follows. We write the
barycentric coordinates of the incenter &s,v,,w,), and of the orthocenter as

(u,,v,,w,), and we find the normalized barycentric coordisaitthese points. Next, we

calculate the reflection of the incenter in thehodenter. Finally, we simplify the
barycentric coordinates. The Maple file with thelcaktion of the barycentric
coordinates of the point is enclosed to this papelow we give the Maple commands.

ul: =a; v1: =b; wil: =c;
u2: =1/ (b"2+c"2-an2); v2: =1/ (c"2+an2-b"2) ; w2: =1/ (ar2+b"2-¢c"2);
u: =ul/ (ul+vi+wl); v: =vl/ (ul+vli+wl) ; w. =wl/ (ul+vi+wl);

p: =u2/ (u2+v2+w2); q: =v2/ (u2+v2+w2) ; r: =w2/ (u2+v2+w2);
X:=(p-q-r)*u+2*p*(v+w) : x: =si mpl i fy(x);
y:=(g-r-p)*v+2*q*(wru) :y: =sinplify(y);
Z:=(r-p-q)*w2*r*(u+v): z:=sinplify(z);

Q x: =denom(x) ;

X: =X*Q _X;

y:=y*Qx;

z:=z*Q X;

The first baricentric coordinate of the reflectiohthe incenter in the orthocenter
is as follows:

x=2b*+2c*—R*+ab+at—ab®*-ac’+ab?*+at*4b & 4 ab é+abc % 2a Be.

Theorem 2 could be proved as follows. We use batyicecoordinates. As a first
step, we find the normalized barycentric coordisai€the incenter and the orthocenter
and then we find the reflectid? of the incenter in the orthocenter. As a secongd,ste
find the normalized barycentric coordinates of deeLongchamps point and the Spieker
center and then we find the reflecti@h of the de Longchamps point in the Spieker
center. As a third step, we compare the baryceatracdinates of point® andQ, and we
conclude that they coincide. This proves the th@ore

If we want to avoid calculations by hand in the abgroof, we may use a
computer algebra system like Maple. The Maple Wlgh the proof of theorem 2 is
enclosed to this paper. Below we give the Maple mamds (copy and paste in a Maple
file):
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ul: =a; vl: =b; wl: =c;

u: =ul/ (ul+vi+wl); v: =vl/ (ul+vli+wl) ; w. =wl/ (ul+vi+wl);
u2: =1/ (b"2+c"2-an2); v2: =1/ (c"2+an2- b"2) ; w2: =1/ (ar2+b"2-¢c"2);
p: =u2/ (u2+v2+w2); p: =si npli fy(p);

g:=v2/ (u2+v2+w2); q: =sinplify(q);

r:=w2/ (u2+v2+w2);r:=sinplify(r);

XP: =(p-qg-r) *u+2*p*(v+w) ; xP: =si npl i fy(xP);
yP:=(qg-r-p)*v+2*g*(wtu); yP: =sinplify(yP);

zZP: =(r-p-q) *w+2*r*(u+v); zP: =sinpli fy(zP);

u3: =3*an4- (b"2-cNh2) "2-2*ar2* (b"r2+ch2);

v3: =3*b"4- (cN2-an2) "2- 2*bN2* (cN2+an2);

W3: =3*cM4- (ar2- bh2) A2- 2% ¢ 2* (ar2+bN2) ;

u: =u3/ (u3+v3+w3d); v: =v3/ (u3+v3+w3) ; w. =w3/ (u3+v3+w3);
ud: =b+c; v4: =c+a; W4: =a+b;

p: =ud/ (ud+vd+wd); q: =v4/ (ud+va+w4) ; r: =w4/ (ud+v4+wd) ;
XQ =(p-g-r)*u+2*p*(v+w) ; xQ =si mpl i fy(xQ);

yQ =(g-r-p)*v+2*g*(wru); yQ =sinplify(yQ;

zQ =(r-p-q)*w2*r*(u+v); zQ =sinplify(zQ;

si mpli fy(xP-xQ;sinplify(yP-yQ;sinplify(zP-zQ;

5. EXTENSIONS

In the above investigation we have selected asamirgl set of points the set
containing the four classical remarkable pointg ¢entroid, incenter, circumcenter and
orthocenter. We could extend this set by addingadew additional points. Suppose that
we form a starting set of points containing thetfit2 points of (Kimberling). We use
again the operation of the “Discoverer” named thefléction of a point in a point”. In
this case, “Discoverer” produces an extended lisefection of points which contains
132 remarkable points. Of these 61 are availabléKimberling), and the rest of 71
remarkable points are not available in (Kimberlinge lists, produced by “Discoverer”
are enclosed to this paper. See the folder “Redflestl-12". Hence, now we obtain 71
new remarkable points. The “Discoverer” easily dodiscover new theorems about these
new remarkable points.

6. PREPARATION OF A SCHOLARLY ESSAY BY A STUDENT

Below we suggest a procedure for “learning throdgitovery” for the special
case of the investigation of the reflections of agkable points in the geometry of the
triangle. We suppose that a student wants to verigcholarly essay (or a bachelor’s
thesis, or a master’s thesis, or a scientific papgrusing the help of “Discoverer”. The
procedure is as follows:

1. The student chooses a set of remarkable pointeiplane ofA ABC .

2. “Discoverer” produces a list of the reflectionstbése points. Note that the
student could calculate these points by hand.
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3. “Discoverer” discovers which of the above produpedhts are not included
in (Kimberling). The help of “Discoverer” at thisagje is essential.

4. “Discoverer” discovers new theorems about the oiviiich are not available
in (Kimberling). The help of “Discoverer” at thisagje is essential.

5. The student uses the computer program for dynaromegtry, like C.a.R., in
order to investigate the ruler-and-compass consbng of the new points.
The student produces macros for the new pointsaandations for the ruler-
and-compass constructions. The student producescalmputer graphics for
his or her essay.

6. The student uses computer algebra system, likeéVlapbrder to prepare the
proofs of the theorems of the essay. The studdatletes also the barycentric
coordinates of the new points.

7. The student prepares the scholarly essay. The ess#égins as supplementary
material the HTML-files, produced by “Discovererthe C.a.R. files and
graphics, and the Maple files, produced by theesttid

8. The new theorems, together with the barycentricdioates of the new points
may be submitted for publication in the Kimberliag’encyclopedia
(Kimberling). The student has to submit his or éesay for publication in the
Journal of Computer-Generated Mathematics, www.ddeki/j/, and in the
Computer-Generated  Encyclopedia of Euclidean Gegmeteg-
enc.webege.com.

During the work on the scholarly essay, the studelhimprove his skills to use a
discovery system, like “Discoverer”, a system fgmamic geometry, like C.a.R. (or
GeoGebra, or Cabri), and a computer algebra sydikenMaple (or Mathematica, or
Derive). These skills are between the basic skilisch the student has to master and
improve during his education.

Supplementary material

The file “2015-1_discovery.zip” contains the filggoted in this paper. The reader
may download this file from http://www.ddekov.eupeas/2015-1_discovery.zip
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