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EMBEDDABILITY AND THE WORD PROBLEM
DEKO V. DEKOV

§1. Introduction. Let 7 be a finitely presented variety with operations Q and let
77" be the variety having the same set of operations 2 but defined by the empty set
of identities. A partial % "-algebra P = (P,Q} is a set P with a set of mappings
Q containing for each n-ary operation f of Q a mapping f: D — P, where
D C P". An incomplete ¥ -algebra is a partial  "-algebra & which satisfies the
defining identities of #”, insofar as they can be applied to the partial operations
of & (Trevor Evans [4, p. 67]). We call an incomplete 7 -algebra a partial Evans
# -algebra if it can be embedded in a member of the variety .

If the class of all partial Evans % -algebras is (first-order) finitely axiomatizable,
then the word problem for the variety 7 is solvable. (Evans [4, 5]). In 1953 Evans
[5, p.- 79] raised the question of whether the converse is true. In this paper we show
that the answer is in the negative,

Let CSg denote the variety of commutative semigroups. We call an incomplete
CSg-algebra an incomplete commutative semigroup and we call a partial Evans
CSg-algebra a partial Evans commutative semigroup. It is known (A. I Malcev
[9]: see also Evans [6]) that the variety of commutative semigroups has solvable
word problem. We show (Theorem 1) that the class of all partial Evans com-
mutative semigroups is not finitely axiomatizable. Therefore the solvability of the
word problem for the variety of commutative semigroups does not imply finite
axiomatizability of the class of all partial Evans commutative semigroups.

In the proof of Theorem 1 we construct a partial groupoid G, n > 4. If n = 4,
then Gy coincides with the partial groupoid constructed by S. H. Gensemer and
H. 1. Weinert in Example 6.2 of [7].

52. Preliminaries. A partial groupoid is a triple G = (G, D, u), where G is a
nonempty set, D © G = G, and u: D — G is a map. Let G = (G, D, u) and
H = (H, E,v) be partial groupoids. Denote u(x, ¥) by x -y and v(x, y) by x * y.
A hemomorphism of G into H is a map w: G — H such that (x, ¥) € D implies
((x),0(y)) € E and p(x - y) = lx) = ¢(y) for all x,y € G.

Let G = (G, D, u) be a partial groupoid and let F(G) be the free semigroup on
the set G. Let my(G ) be the relation on F (G ) consisting of the pairs (xy, yx) forall
x,y € G. Let py(G) be the relation on F{G) consisting of the pairs (xy, ulx, ¥])
for all (x,y) € D. Set 6(G) = my(G) U py(G). Let #(G) be the congruence on

Received September 19, 1994; revised January 17, 1995,
L991 Mahemarics Subjece Classification, Primary 08AS55, OBAS0, 20014,

E99E, Agsociution for S¥mbalic Logic
(R 3-26 12/ 95 6HM-0010,50 150

I194



EMBEDDABILITY AND THE WORD PROBLEM 1195

F(G) generated by fg(G). Then U(G) = F(G)/8(G) is the universal commmutative
sentigroup of the partial groupoid G.

A partial groupoid G = (G, D, i) (we denote u(x, y) by x - ) is said to be an
incomplete commutative semigroup i it satisfies the following axioms:

Al Forall x,3,z € G, if (x,¥) € D, (y,z) € D and (x+ y,z) € D, then
{(x,y-z)eDand(x-y}-z=x-(y-z).

A2 Forall x,v,z € G, if (x,y} € D, (y,z) € D and (x,y - z) € D, then
(xeyp,z)eDand x-(y-z)=(x-5)-z

A3 Forall x,y e G, if (x,y) € D, then {y,x)e D and x: y = y - x.

Let G and H be partial groupoids. G is said to be embeddable into A if there
is a one-to-one homomorphism of G into H. A partial groupoid G is said to be
partial conmmitative semigroup if it is embeddable in a commutative semigroup. An
incomplete commutative semigroup & is said to be a partial Evans commutative
semigroup if it is a partial commutative semigroup.

TueoreM A (T, Evans [4]). An incomplete commutative semigroup G is a partial
Evans commutative semigroup if and only if it is embeddable in its wiiversal com-
mwtative semigroup, i.e., if and only if x ~ y ( mod 8(G)) implies x = y, for all
x, ¥ EG.

We shall examine the congruence #(G) by considering elementary &(G)-
transitions as defined in J. M. Howie [8, §1.5). An clementary #,(G )-transition
w = wuxyr — uulx, ¥)v = w', where v € F'(G) and (xy, u(x,¥)) € polG),
is called a direct move from w o w’. Further, an elementary fp{ & )-transition
w = uxpw — uyxy = w’, where w,v € F'(G) and (xp, yx) € m(G), is called a
permutation step from w to w’, If x,y € G, then x ~ y ( mod #{G)) if and only
if either x = y or for some » > 1 there is a sequence

Ti A=Wy =W — v —=Uy=F

of elementary (G )-transitions connecting x to y. ([8, Proposition 1.5.10]).

Clearly, a partial groupoid G = (G, D, ) can be considered as a pair G* =
(G, R), where R is the ternary relation on G defined by (x,y,z) € R if and only
ir (x,») € D and ul(x, ¥) = z. In the terminclogy of A. I. Malcev [10], G~ is the
miodel corresponding to G,

If we use a first-order language L consisting of one ternary relation symbol, p
say, we can rewrite each of axioms Al, A2, and A3 as a sentence of L as follows:

Al WxYyVz¥x Yy Vo [pxyx) A pyzy A pxizzp — pxyinl
A2 VIV VI Yo [pxyxg A pyzy A pxpis) — pxiznl
AY. Yx¥yvz[pxyz — pyxz].

We can describe the class of all incomplete commutative semigroups as a qua-
sivariety (in the sense of Maleev [10]; see also [11, Chapter V]) defined by the
quasi-identities Al’, A2, AY and the following quasi-identity:

Al ¥x¥y¥x Vo[ prixax A pxixy — x = ¥).

The following theorem is a corollary to [1, §3, Theorem 3].

Turorem B. The class of all partial conmutative semigroups is a guasivariety
(in the sense of Maicev (10, 11]) defined by an infinite set B of quasi-identities of
the form

WV yWxg - V[P (X, 7 X e ey Xin) Ao A plX, Vo X0,y X)) = X = ¥]
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From Theorem B it follows that the class of all partial Evans commutative
semigroups is a guasivariety defined by the quasi-identities AD, Al’, A2, A3 and
the infinite set of quasi-identities B.

§3. The class of all partial Evans commutative semigroups is not finitely axiom-
atizahle,

THEOREM 1. The class of all partial Evans commutative semigroups is not finitely
axiematizable.

Proor. We shall prove that the infinite set of first-order axioms for partial Evans
commutative semigroups consisting of A0, Al’, A2', A3'and B is not equivalent
to any of its finite subsets. From this it follows that the class of all partial Evans
commutative semigroups is not finitely axiomatizable. We refer the reader to [2]
for the fundamentals of first-order theories.

Let By be a finite subset of B. We shall prove that A0, Al’, A2, A3 and B
do not imply 8. To prove this we construct a partial groupeid &, whose model
G satisfies A0, Al', A2, A3’ and B, but not 8.

Letn >4 Ontheset G, ={ag,ay,... 800,01, Be_z,01,.. . Ch2,d. e, [} we
define a partial groupoid G, by the multiplications

airax=ayra =by,

bi « ars2 = a2 - bi = bisy, i=1,...,n=3

-{'-',r—g'ﬂ'.-.- = fiy 'bﬂ-—j =d, oy @3 = @3+ &p = ), flray=dxCy =3,
Cpp » Bjpon = 2" O = Chs]y k= 2,...,}!—3,

Cp=2*ly =Qy*ECy—_31 = 8, al-a,,=a,,-ﬂ|=f'. &y * ay =a‘,¢*ﬂ|:|=f.

By construction G, satisfies A3. It is routine to verify that &, satisfies Al and
A2,

We denote (G, ) by &, 0(G,) by 0, pa(G,) by pa, and for each word w of
F{G,) we denote by w# the 0-class of w. Let 5,, denote the symmetric group on
{1,...,m}. Clearly, for each word w = xyx2 - - - x € F(G,) and each permutation
a € 5, we have a(w) € wl?, where ¢(w) denotes x; 1 x52 -+« Xom. We have a;8 =
{a;}, fori =0,1,...,n, and 8@ = {f,a ay, awar, @0y, anan}. We shall examine
the #-classes b;# and ;0 (f =1,...,» — 2) by considering an oriented graph I as
defined in P. M. Cohn [3, p. 159]. The vertices of I are the elements of F(G, ), and
the arrows of I are the direct moves and the permutation steps. The different &-
classes are just the connected components of T'. For the sake of simplicity we shall
exhibit only parts of connected components, namely, only the direct moves defined
by the following multiplications: @y -ax = by, bi~aiva = b, i = 1,...,n — 3,
do+ay=c¢|, ¢ 8= ¢, And ¢ » Gpen = €y, kK = 2,... .0 — 3. We shall not
exhibit the other direct moves or permutation steps. Any connectsd component
of I containing b; or ¢; can easily be exhibited in full from its part shown below.
Under this convention the connected components of I' containing & and ¢; {f =
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1,...,7— 2} are as follows:
dyaa — &y,
R T e D18 — b,
where i =2,....n=1,

dodl —= €|, sy — Clir — o

CAREEREracdy « - s | = CQiadly « - dpa] =% =+ = O (e = Lf.

where k£ =3,...,n — 2,

FEach of the above connected components of T containg exactly one element
of G;. Bul d and e belong to the same f-class. For an arbitrary sequence of
elementary fp-transitions we say that the number of elementary pg-transitions in
the sequence is the fength of the sequence. Denate

T={ola ...a,): 0 €5;},
U= {r‘r‘[fﬁ‘z- ' -ﬁ;:-:}: (gl .S'u-l};
V= {clapas...cp): 6 € 8.}

Each sequence of elementary #y-transitions of minimal length from & to e has the
forem '
ﬂ‘—.-_,..r.--—--}m-—a Plr-T‘!r— ...—.-u_;u'r'll_|.1.._5.r_:-J

whare w € ¥, w' € U, w" £ ¥, each of the subssquences ¥ — --- — w and
w"” — . — e has length # — I, and each of the subsequences w — --- — w’
and w' — - - - — w" has length 1. Consequently, sach sequence of minimal length
from ¢ to e (and hence each sequence of minimal length from 2 to &) has length
20,

Since o and e belong to the same f-class, by Theorem A, the incomplete
comntative semigroup G, is not a partial Evans commutative semmigroup, Hence
G, does not satisfy £. For sach quasi-identity v € 8 we denote by 7,(y) the
number of occurrences of the symbol p in w. Let {,(w) = n,, w € By. Choose
m = ny, lorall w & By, Then G satisfies A0, Al", A2, AY and By, but not B.
This campletes the proof of Theorem 1. O
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