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102.13 Distance from the incentre of the tangential
triangle of an obtuse triangle to the Euler line

The tangentialtriangle of a triangle ABC is the triangle formed by the
linestangentto the circumcircleof the giventriangle ABC at its vertices.If
ABC is acutethenits circumcircleis theincircle of its tangentialcircle. It
follows that the incentreof its tangentialtriangleis the circumcentreO of
ABC, which lies on its Euler line. If, however, ABC is obtuse,then its
circumcircle is an excircle of the tangentialcircle, and O is one of its
excentres.

In this Note we calculatethe distancefrom the incentreof thetangential
triangle of an obtuse trianghBC to the Euler line of the trianghBC.

Theorem1: Given an obtusetriangle ABC with side lengths BC = a,
CA = bandAB = csuchthatc > aandc > b. Thenthedistanced from
the incentreof the tangentialtriangle of triangle ABC to the Euler line of
triangle ABC is as follows:
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where
R=[a® +b° + c® + 3a’b*c? — a'b? — a?b* — b*c® — b’c* - ¢*a” - cal.

Proof. We usebarycentriccoordinatesWe refer the readerto [1, 2]. Let
ABC beanobtusetrianglesuchthatc > aandc > b. By usingformula(3)
in [1] we find the equationof the Eulerline L astheline joining the centroid
G (1, 1, 1) to the circumcentre

0(a(b* + ¢ - @), b*(c? + a® - b?), c?(a® + b* - ¢?))
as follows:
L:(b°=A)(b°+ 2 — ad)x + (c? - a%)(c? + - by

+(@®-b)(a®+b*-c)z=0.
The barycentric coordinatesof the tangential triangle T = TaTgTc of
triangle ABC are as follows [2, p. 54]:

Ta= (w20, ¢%), Teg=(a%-bc%), Tc=(a0° -c?),
The side-lengths of triangle are as follows (formulas (2)-(4) in [3]):
@t - 2= T p-@-dT 7 - (@@ - Y

Since c? > a + b? we take the following positive values of the side-
lengths:
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be = 2ab’c

T e-2-)-a+ )
2abc®

CT =

(0?2 - a2+ c?)(a - b2 + c2)
Thenthebarycentriccoordinate®f theincentrel + with respecto triangle T
are as followsty = (ar, by, cr) equivalently:

It = (@%(b* + & — &), b*(a® - b* + ¢?), ?(¢? - a® - b).
Now, by usingformula (10) in [1] we obtainthe barycentriccoordinatesof
I+ with respect to trianglaBC as follows:

It = (a?(a® - b? + ¢?), b?(b? — @ + ¢?), —c?(a® + b? + ¢?)).

By usingthe barycentriccoordinateof |+ with respecto triangle ABC and
formula(8) in [1], we find the equationof theline L, passinghroughl+ and
perpendicular to the Euler line

Thenwe useformula (5) in [1] andwefind theintersectiorQ of linesL,
andL.

Finally, we use formula (9) in [1] and we find the distancebetween
points I+ and Q, that is, the distancefrom point I to the Euler line. This
completes the proof.

If we want to avoid calculationsby hand, we may use a computer
algebra system lik®aple or Mathematica

If a = b in the statementof Theorem1, then the incentre of the
tangential triangle lies on the Euler line.

Noticethatin the abovetheoremanothemway of finding the barycentric
coordinatesf the incentrelt is by usingformula (17) in [1]. Indeed,the
orthic and tangentialtrianglesare homothetic,[4], so that we can usethe
homothetyto find the incentrel; asthe homothetiamageof theincentreof
theorthictriangle. The centreof the homothetyis the point X(25) in [5], the
scale factok of the homothety is

420’
(P +c2-a)(c2+a-b)(a2+b2-c)
and the incentre of the orthic triangle is the vertex C of triangle ABC

(provided triangle ABC is obtuseand ¢ = AB is the longestside). Now
formula (17) in [1] gives the barycentric coordinates, of

We leave to the reader the following theorem:

Theorem2: Given an obtuse triangle ABC with side-lengthsBC = a,
CA = bandAB = c suchthatc > aandc > b. Thenthe distanced
from the incentre of the tangential triangle of triangle ABC to the
circumcentre of triangldBC is

k =

a’b’c®
(P +c2-a)(c2+a - ?)A
whereA is the area of triangleBC.

d =
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